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Abstract: An extension of L1 adaptive control is proposed for the unmatched uncertain nonlinear system with the nonlinear reference
system that defines the performance specifications. The control law adapts fast and tracks the reference system with the guaranteed
robustness and transient performance in the presence of unmatched uncertainties. The interval analysis is used to build the
quasi-linear parameter-varying model of unmatched nonlinear system, and the robust stability of the proposed controller is addressed
by sum of squares programming. The transient performance analysis shows that within the limit of hardware a large adaption gain
can improve the asymptotic tracking performance. Simulation results are provided to demonstrate the theoretical findings of the
proposed controller.
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1 Introduction
Unmatched uncertain system is an important branch
of nonlinear system, which is common in aerospace
[1−2], robot [3] and missile [4]. For the controller design,
both robustness and transient performance should be
taken into consideration. However, the common
nonlinear design methods, such as sliding-mode, feedback
linearization, backstepping, composite nonlinear feedback
control and so on, only ensure partial system
performance. Sliding-mode control is robust to matched
uncertainties, whereas it is lack of robustness for
unmatched uncertainties [5]. Feedback linearization does
not have the robustness for uncertainties [6−7].
Backstepping method has the problem of explosion of
terms [8−9], and it cannot reflect the transient
performance [10]. The composite nonlinear feedback
control and its modified methods achieve fast and
accurate tracking for linear disturbed systems, but the
disturbance is assumed to be constant and the
uncertainties are not considered [11]. Therefore, all these
mentioned methods cannot achieve the controller design
for unmatched uncertain system with both guaranteed
robustness and transient performance.
For the linear time invariant (LTI) system, adaptive
control was a suitable method to achieve improved
robustness and asymptotic stability [12]. The simple

adaptive control (SAC) methodology was firstly
introduced by SOBEL et al [13] and had been developed
by ULRICH et al [14]. Successful implementations of
SAC in various domains of application have been
presented over the past two decades. A passificationbased adaptive control approach for the SISO (single
input single output) uncertain system was studied in Ref.
[15]. However, these methods cannot be applied to the
nonlinear MIMO (multiple input multiple output) system
with unmatched uncertainties.
Interestingly, L1 adaptive control, which was
proposed by CAO and HOVAKIMYAN in Refs. [16−17],
can guarantee robustness and transient performance in
the process of high-speed adaptation. Based on the
structure of indirect model reference adaptive controller,
L1 adaptive controller estimates the system uncertainties
and defines the control signals to eliminate the influence
of uncertainties. Unlike the conventional adaptive
controllers, L1 adaptive controller adapts fast, leading to
the asymptotic tracking with bounded away from zero
and positive time-delay stability margin that make it be
widely applied to a variety of vehicles, such as aircraft,
missile, and unmanned aerial vehicle [18−19].
L1 adaptive control has various forms for different
study objects. For example, the research objects were
extended from linear system [16] to nonlinear system
[20], and non-affine nonlinear system [21]. Moreover,
the uncertainties were treated as matched initially [22],
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and then unmatched [23], and both coexisted [24].
Furthermore, linear system or nonlinear one was chosen
as the reference system, while the nonlinear one reflected
the essence of control system better. In Ref. [20], L1
adaptive controller with the nonlinear reference system
was presented for matched uncertain nonlinear systems.
However, to the best of our knowledge, no attempts have
been made in the L1 adaptive control of nonlinear
reference system with unmatched uncertainties.
Therefore, this work provides an extension of L1
adaptive control that can accommodate the nonlinear
reference behaviors in the presence of unmatched
uncertainties. Based on the idea of L1 adaptive control,
the new controller is designed considering the model
specialty of study object. Then, the robust stability and
transient performance are analyzed respectively. The
quasi-linear parameter-varying (qLPV) model of
unmatched nonlinear system is adopted for the robust
stability analysis using sum of squares (SOS)
programming. The transient performance analysis shows
that within the limit of hardware the large adaption gain
can improve the asymptotic tracking performance.

2 Problem formulation
Consider the unmatched uncertain nonlinear MIMO

plant
X = F ( Xσ) + BmU +
Y = CX , X (0) = X 0

(1)

σσL ≤ Bσσ, 
∞

L∞

≤ B

t≥0

(2)

where the definition of ⋅ L is presented in Ref. [25].
∞
The control objective is to design an adaptive state
feedback controller such that the state X of the real
system tracks the state Xref of the following reference
system as soon as possible with desired transient
performance
 X ref = Fm ( X ref )
(3)

 X ref (0) = X 0

3 L1 adaptive controller design
This section presents an L1 adaptive controller for
system (1) to accommodate the nonlinear reference
behaviors in the presence of unmatched uncertainties that
can be quickly estimated. The output of a low pass filter
is defined as control input compensating the influence of
unmatched uncertainties. The design of L1 adaptive
controller follows the procedure described in Refs. [20,
23]. Generally, L1 adaptive controller contains three parts:
state predictor, adaptation law, and control law that are
shown in Fig. 1.
3.1 State predictor
The state predictor is defined as


=
Xˆ Fm ( X ) + BmU + σˆ + Am X

(4)

where X̂ is the state of state predictor with
where X∈Rn is the system state; U∈Rm(m≤n) is the
Xˆ (0) = X 0 ; X= Xˆ − X is the state predictor error;
control input; Y∈Rk is the output; F(X)∈Rn and
σˆ is the adaptive estimate of σ; and Am is any Hurwitz
Um∈Rn×m are known functions; and σR∈ n is the
matrix that defines the desired convergence properties of
unmatched uncertainty including model uncertainties and
error dynamics.
disturbances.
Assumption 1: All the system states are available
3.2 Adaptation law
for measurement.
σˆ is updated by the adaptation law [25]
Assumption 2: The unmatched uncertainty σ and

(5)
=
σˆˆ Γ Proj(σ , − PX )
its derivative σ are continuous and bounded, that is,
where Γ>0 is the adaptation gain; σˆ (0) ∈ Ω , Ω =
there exist positive constants Bσ and Bσ such that

Fig. 1 Structure of L1 adaptive controller
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P PT > 0
{σ ∈ R n | σ L ≤ Bσ }; and =
∞
solution of the algebraic Lyapunov equation:

AmT P + PAm =
−Q

is

the

robustness stability is verified by SOS programming
[27].

(6)

4.1 qLPV model
The model (1) can be rewritten as
for arbitrary =
Q Q T > 0.
The projection operator Proj(⋅, ⋅) ensures the
(10)
=
X f ( X , U ) + σ
adaptive estimate σˆ is bounded. Then, this in turn
ensures that the control signal and system states remain
The uncertainties σ i are assumed to be bounded
bounded [25].
with known bounds σ i ∈ [σ , σ ]. Xc, Uc, and σc are
the midpoints of [X], [U], and [σ ], respectively; and
3.3 L1 adaptive control law
the scheduling parameter vector is defined
The adaptive feedback signal is defined as
ρX= (Uσ , , )T . The qLPV model is based on the mean
value inclusion function [29]. The mean value inclusion
(7)
U ( s ) = −C ( s ) H1−1 H 2σˆ
function [fc] is given by
where a low pass filter C(s) is strictly proper and stable
[fρf
(tσJ
))=
U ( σX
, cX
U
, c ) + [ fX ]([ ],[ ],[ ])( − c ) +
c ]( X
cX
with C(0)=1, and
σU
X ],[U
U ],[ ])( − c ) +
[ J fU ]([
−1
 H=
(
s
)
(
sI
)
C
−
A
B
(11)
[ J fσ ]([σσσ
X ],[U ],[ ])( − c )
1
m
m
(8)

−1
( s ) C ( sI − Am )
 H 2=
where [Jf] is an inclusion function of Jf=(JfX, JfU, Jfσ)T
with
Remark 1: H1(s) is the reference transfer function

from the matched input, which is simply how the outputs
∂fρ( (t ))
∂fρ( (t ))
∂fρ( (t ))
JfX=
, Jfσ=
, JfU=
.
are affected by the inputs. H2(s) is the reference transfer
∂U
∂X
∂σ
function from unmatched input, which is how the outputs
is
independent
of
Since
σ,
fρ( (t ))
are affected in input directions that are orthogonal to the
and
(11)
can
be
rewritten
as
∂
fρσ
(
(
t
))
/
∂
=
0
directions defined by Bm. This design of creating one
term in the control signal u by taking the estimated
fρfρAρX
( (t )) − =
(XρU
B ( (t ))( − c ) + ( (t ))( − c )
c) U
unmatched error and feeding it through the inverse of the
(12)
matched transfer function H1−1 and the unmatched
[JfX], BρB
[JfU].
where AρA
( (t )) ∈ [ ] =
( (t )) ∈ [ ] =
transfer function H2(s), creates a way to compensate for
Choosing
then the
χ=
X − Xc , µ =
U − Uc ,
unmatched uncertainties [26]. Therefore, the term
system
is
H1−1 H 2σˆ connotes the predicted effect of the
χ AρBρ
(13)
( (t )) χ + ( (t )) µ
unmatched uncertainties on the input of the plant. The=
low pass filter C(s) serves to attenuate unwanted high
Such system is the qLPV model of (1) around the
frequency components in the actuation signal, which
equilibrium point ( X c ,σU c , c ).
reflects the robustness.
For the performance analysis, it is needed to ensure
4.2 Robust stability
that: (C ( s )/s ) H1−1 H 2 is strictly proper and stable.
From Eq. (13), we consider the qLPV model
Therefore, this requires a careful construction of
 = AρBρhσ
Am , Bm , C ( s ). A first-order low pass filter of the form is
(14)
χ
( (t )) χ + ( (t )) µ = ( χ , µ ; )
the simplest choice for the filter as
where χ ∈ ℜ n is state vector; µ ∈ ℜ k is the input;
1
and the matrices A and B are polynomial in χ and σ ,
(9)
C (s) =
ks + 1
respectively. A domain of the state space that contains
the origin for performance analysis is defined by
where k>0 is a design parameter.

4 Robust stability analysis
The qLPV model guarantees the nonlinear
characteristic of system and ensures that the equilibrium
point of uncertain nonlinear systems is fixed for all
allowable parameters, and it seeks a balance between
model accuracy and algorithm complexity [27].
Therefore, the qLPV model is built by using interval
analysis [28] to analyze the robust stability. And then, the

D=
{σRσ
∈

n

| gi ( ) ≤ 0, i =j + 1, , k}

(15)

where gi are polynomial in σ.
The robust stability is for the unforced dynamical
system with input μ=0 of the qLPV model (14):

χ = h( χ , 0; σ )

(16)

The equilibrium point of model (14) is assumed to
be χ * = 0, and the function h is assumed to be smooth
so that the solutions are existent and unique.
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ℜ m [x]=ℜ [ x1 ,, xn ] abbreviated as ℜ [ x], is the
commutative ring of multivariable polynomials in x1, …,
xn of maximum degree m. A polynomial p(x) is said to be
an SOS when it can be written as [27]
M

p ( x) = ∑ hi2 ( x)

Proof: The predictor error dynamics is obtained
using Eqs. (1) and (4) as



 Am X
 + σ
=
X

(20)

 T PX
 + 1 σ Tσ , where σ= σˆ − σ .
Let=
V X
Γ
Compute the time derivative of V using Eq. (5):

(17)

i =1

where ∑ [ x] denotes the set of SOS polynomials of
 T PX
 +X
 T PX
 + 1 (σ Tσ + σ Tσ )
V X
fixed degree. p ( x) ∈ ∑ [ x] if and only if there exists a =
Γ
vector of monomials Z(x) and a positive semidefinite
T 
T


 + σ ) +

(
)
+
=
A
X
+
PX
X
P ( Am X
σ
m
matrix W such that
1 T
(σ σ + σ Tσ )
(18)
p ( x) = Z T ( x)WZ ( x)
Then, this formulation allows SOS decompositions
to be computed using semidefinite programming. We use
the SOS decompositions to construct the Lyapunov
function for model (16).
Programme 1 [27]: Select even integers a, mi, ni>0
and search for a polynomial V ( χ ) ∈ ℜa [ χ ], where
V(0)=0, SOS polynomials qi ∈ ∑ n [ χ , σ ], i =
1, , j ,
i
ri ∈ ∑ m [ χ , σ ], i =
j + 1,  , k , and positive definite
i
functions ϕi ( χ ), i = 1, 2, such that
V ( χ ) − ϕ1 ( χ ) ∈ ∑ [ χ ] −

∑

j
q ( χ , σσσ
) gi (
i= 1 i

∂V
h( χ , 0; σ ) +
∂χ

)+∑

ϕ2 ( χ ) ∈ ∑ [ χ , σ ]

k
r (χ ,
l = j +1 l

4λmax ( P ) Bσ Bσ
.
λmin (Q )

Γ

Γ

T

σ σˆ −

2

Γ

σ Tσ

(21)

By the definition of the projection operator
Proj(⋅, ⋅) in Ref. [25]

2

Γ

σ Tσˆ ≤ 0

 T QX
 −
V ≤ − X

(22)

2

Γ

σ Tσ

(23)


According to the Assumption 2, the bound of σ
is σ L ≤ 2 Bσ that leads to

V>

4

Γ

Bσ Bσ

(24)

α
Γ

(25)

Then, we get

 T PX
 >
X

(19)

4λmax ( P) Bσ Bσ
Γλmin (Q)

(26)

Hence,

 T QX
 ≥
X

Lemma 1: Consider the system in Eq. (1) with the
L1 adaptive controller in Eqs. (4), (5), and (7). The
following inequality holds:

α 4 Bσ2 +
where=

2

If at time t ≥ 0

5 Transient performance analysis

L∞

 QX
 + 2X
 Pσ +
=
−X

1,  , n, γ > 0, ε ij ≥ 0 ∀i, j

α
≤
Γ ⋅ λmin ( P )

T

 T QX
 +
V ≤ − X

Remark 2: If Programme 1 returns an infeasible
solution, we can increase a, mi, ni. However, the
computational cost may also do so. ANDERSON and
PAPACHRISTODOLOU [30] proposed a method for
reducing the computational burden of high-order SOS
programming based on system decomposition.


X

T

1 T
(σ σ + σ Tσ )

∞

=i 1 =j 1

j =1

 T QX
 + σ T PX
 +X
 T Pσ +
= −X

Then, we have

d

γ ∀i
∑ ε ij >=

Γ

) gl ( χ ) −

ϕ ( χ ) = ∑∑ ε ij χi2j ,
m

1 T
(σ σ + σ Tσ )

 T Pσ +
2X

Then, χ* is a robustly stable equilibrium point and
V(χ) is a Lyapunov function for model (16).
The functions φi(χ) have the form as
n

Γ
 + σ T PX
 +X
 T PAm X
 T Pσ +
 T AmT PX
 +X
= X

λmin (Q)  T  4 Bσ Bσ
X PX >
Γ
λmax ( P)

(27)

Therefore, it follows inequality (24) that

 T QX
 −
V ≤ − X

2

 T QX
 + 4 Bσ Bσ < 0
σ Tσ ≤ − X
Γ
Γ

(28)

We know that
V (0)
=

1

Γ

σ (0)Tσ (0) ≤

4Bσ2

Γ

<

α
Γ

(29)
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From Eq. (28), V < α / Γ for any t≥0 that is in
contradiction with Eq. (25). Therefore, we verify that

V≤

α
Γ

(30)


Since λmin ( P ) X

X

2

≤

V

λmin ( P)

≤

2

 T PX
 ≤ V , then
≤X

α
λmin ( P)Γ

(31)

That implies


X

L∞

≤

α
Γλmin ( P)

(32)

Remark 3: From Lemma 1 we know the state
predictor error has bound that is inversely proportional to
adaptation gain. This means that within the limit of
hardware the asymptotic tracking performance can be
improved by increasing the adaption gain.
Lemma 2: The state predictor error has limit as
 = 0. .
lim X
t→∞
Proof: From Lemma 1, the state predictor error has
 ∈ L2 . Further, from Eq. (20), we know
bound and X
 ∈ L . Then we apply Barbalat’s lemma [31] to
X
∞
 to zero.
conclude convergence of X

To verify the advantages of the proposed controller,
the L1 adaptive controller for nonlinear time-varying
reference systems (L1-matched) [20] and the SAC
presented in Ref. [14] are used for comparisons.
The state predictor errors are shown in Fig. 2. The
state tracking error between real system and reference
system is shown in Fig. 3. It is found that the proposed
controller is stable. And Lemma 1 and Lemma 2 are
verified by the results. The error curves of L1-matched
and SAC are divergent and irregular. Therefore, these
two methods cannot solve the tracking problem for
nonlinear reference system in the presence of unmatched
uncertainties, let alone the robustness and transient
performance.

6 Simulation results
This section demonstrates the performance of the
proposed L1 adaptive controller using a numerical
simulation example. Consider an unmatched nonlinear
system

Fig. 2 State predictor errors x1 for σ 1

x2 − x1
x=
1
x = 0.5 x − x − x x + σ
 2
1
2
1 3


x
x
x
x
u
=
−
+
1 2
3
 3
 y = x1
x2 − x1


0 


with F ( X=
) 0.5 x1 − x2 − x1 x3  , Bm = 0  , C=[1 0 0],


1 
x1 x2 − x3
0
and σ = σ  . The initial states are X0=[0.5 0.3 0.3]T,
 0 

the adaptation gain is Γ=105,
 −1 −1
predictor is Am=  0 −1
 0 0

the matrix Am in the state
−1
−1 , and the low pass
−1

filter is =
C ( s ) 100 /( s + 10) 2 .
Two kinds of uncertainties are chosen to test the
controller performance without any retuning of the
controller. Firstly, the uncertainty is =
σ1 0.05 ⋅
( x12 + x22 + x32 ).

Fig. 3 State tracking error of x1 for σ 1

The second uncertainty is σ 2 = 3sin(2t )

x13 + x3
x22 + 1

with the same controller. The state predictor errors and
state tracking error between real system and reference
system are shown in Figs. 4 and 5. It is noted that the
system response and control signal behave as expected.
Compared with the first uncertainty, although the signals
trajectories of the second case are different, the errors
have corresponding bounds. The simulation results verify

J. Cent. South Univ. (2016) 23: 834−840

that the proposed L1 adaptive controller guarantees
robustness and transient performance for the different
kinds of uncertainties.
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